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Grade 6 Math Circles
March 9, 2022
The A, B, I'’s of Math - Problem Set

Exercise Solutions

Exercise A

Try to spell your name using Greek letters.

Exercise A Solution

There is no correct answer, unless you have a native Greek name. There are only 24 letters in
the Greek Alphabet, so not every English letter can be accounted for.

My name is Daniel, so I might use Delta, alpha, nu, iota, epsilon and then lambda? 1 get
Aavie\, which probably sounds nothing like my name if you pronounce the Greek letters as

intended.

Exercise B

Determine what the variables are in each mathematical equation. If you are familiar with the

equation, determine what each variable represents.
(o) C = 27r (circumference of a circle)

(B) a? + b* = ¢ (Pythagorean Theorem )

Exercise B Solution

(a) C'is the variable for the circumference and r is the variable for the radius of a circle. Note

that 7 is not a variable but a constant (7 ~ 3.14159).

(6) a, b, and c are variables for the side lengths of a right-angled triangle and ¢ specifically is
the hypotenuse.
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Exercise T’

We say that the constant 7 (tau) has the following relationship to 7.

T =27

(o) Find the approximate value of 7 to 2 decimal places.

() Find an approximate circumference of a circle with radius » = 7. Round to 2 decimal

places.

(7) Find the exact value of the circumference of a circle with radius r = 28.

Exercise I' Solution
() T~ 6.28

(B) Using m we have C' = 27r, but we can instead use C' = 7r. We find C' = 2x(7) = 7(7)
(6.28) x 7 = 43.69.

Q

(v) C =287 (but C' = 567 works too!)

Exercise A

Amogh rolls a dice 9 times and records the result. Calculate the mean, p, of his data:
{2,4,6,5,5,3,2,4,5}

Recall that we calculate the mean by taking the sum of the numbers in the list and dividing by

how many numbers there are.
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Exercise A Solution

There are 9 numbers in the data set. We have

_24+44+6+5+5+3+2+4+5

a 9
36
"=
p=4

Exercise E

Given that f(z) = 3z and g(z) = z + 6 calculate the following.
(a) f(5)
(8) 9(9)
(v) 9(104) — f(20)

Exercise E Solution
(o) f(5)=3(5) =15
(8) 9(9) =(9) +6 =15
(7) ¢(104) — £(20) = [(104) + 6] — [3(20)] = 110 — 60 = 50

Exercise Z

Calculate the following.
(@) 0(32)
(B) o(37)

Exercise Z Solution
(@) 0(32)=14+2+4+8+16+32=63
(B) o(37) =1+37=238
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Exercise H

What is 7(19)7 What about 7(22)?
Predict the value of 7(100) given that 7(90) = 24.

Exercise H Solution

7(19) = 7(20) = w(21) = 7(22) =8

This is because between 19 and 22, there are no “new” prime numbers to count.

Since there is exactly 1 prime number between 90 and 100 (namely 97), we predict that

7(100) = 7(90) +1 =24 4 1 = 25

Exercise 1

Evaluate each sum.

() nz?::on
) >

=18

Exercise I Solution

7
(@) SSn=0+1+2+3+4+5+6+7=28
n=0

21
(B) S0 i=18+19+20+21 =78

=18
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Exercise ©

Write out the expanded form of each summation and then evaluate the sum.
10

(@) >.(2n—1)

n=1

® & (7)

Exercise © Solution

(o) This is the sum of the first 10 odd numbers.

10

> @n—1)=(21) - 1)+ (22) - 1)+ (23) = 1) +--- + (2(10) — 1)

n=1

=14+34+5+...4+19

=100
(6)
3 LN SRS SUNNNS SRR
en+2 142 242 3+2 442
RS SR O
3 45 6

_2@+m+g2+m
60 60 60 60
20415412410

60

o7

60

Problem Set Solutions

1. As a mathematician, you observe that there are some Greek letters that you just never encounter

unless you work in very specific fields of math. The letters ¢ (iota), o (omicron), v (nu), and v
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(upsilon) are some examples of uncommonly used Greek letters.

(a) Why might these Greek letters not be used as variables?
(b) What letters in the English alphabet would you not expect to be used as variables?

Solution: There is no one correct answer.
(a) Some Greek letters just look like English letters and thus it’s hard to tell the differ-
ence. This might be the case for v (nu) and v (upsilon) which both resemble v. The
letter o (omicron) could easily be mistaken as an o or 0. Also ¢ (iota) could easily

be mistaken with a 1, since unlike i, there is no defining dot.

(b) For similar reasons as omicron, o is probably the worst letter for a variable since it
looks like a 0. The letter s is also risky because it could be mistaken for a 5. Lastly
z could be mistaken as a 2, but that hasn’t stopped us from using it before (e.g. the

z-axis).

2. Solve for the unknown variables.

(a) A circle has a diameter § (delta). Given that the circumference of the circle is C' = 107

units, find the value of 9.
(b) A circle has a radius p. Given that the area of the circle is A = 257 square units, find the
value of p.

(c) Challenge: A right-angle triangle A has angles «, 8 and . Given that § = 2, what are

some possible values of «, 3, and 7 There is more than one possible answer.

Solution:
(a) Recall that the circumference of a circle with diameter d is given by C' = dn. For

this circle, C' = ow. We can equate the formula to the given circumference and find

om =107

dm = 10(2m)

dr=10(2)x
o =20

Therefore § = 20 units.
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(b) Recall that the area of a circle with radius 7 is given by A = 7r?. For this circle

A = mp?. We can equate the formula to the given area and find

Tp® = 25T
xp° = 257
p2 =25
VP2 =V25
p=25

Therefore p = 5 units.
(¢) Recall that the sum of angles in a triangle is 180°.
Solution 1: 6 is the right-angle (6 = 90°).
Solving 90° = 2« gives a = 90° + 2 = 45°.
Then, f = 180° — 6 — a = 180° — 90° — 45° = 45°.
Therefore the triangle A is isosceles with a = 3 = 45° and 6 = 90°.
Solution 2: f is the right-angle (5 = 90°). Then

180°=0+0+«
180° =90° +0 + «
180° —90° =0 + «

90° =0 + «
90° = 2a + &

90° = (a4 a) + «
90° = 3«

0 _

5=

30° = «

Lastly 6 = 2o = 2(30°) = 60°.
Therefore triangle A has angles a = 30°, § = 90°, and 6 = 60°.
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3. Recall that the prime-counting function, m(x), outputs the number of prime numbers less than
or equal to .
(a) Calculate the following.
i. 7(30)
ii. 7(31)
iii. m(32)
(b) Is it true that 7(17) = 7(18)7
(c) Is it true for every prime number p that m(p) = m(p+1)?

Solution:
(a) i w(30) =
ii. m(31) =
ii. m(32) =11
(b) We find that 7(17) = 7 and 7(18) = 7. Hence 7(17) = w(18).
(c¢) The equality 7r(p) m(p+ 1) is not true for p = 2. This is because 7(2) = 1 but
7(2+1)=7n(3) =

However, m(p) = n(p + 1) is true for any p larger than 2. All primes p larger than 2
are odd numbers. The number p 4+ 1 would be even, which is divisible by 2 and thus

composite.

4. The Fundamental Theorem of Arithmetic states that we can write any positive integer as a

unique product of its prime factors.

For example 24 = 2 x 2 x 2 x 3, 50 = 2 x 5 x 5. This product is also known as the prime-

factorization of an integer.
(a) Determine the prime-factorization of the following integers.
1. 25 ii. 39
ii. 36 iv. 40

(b) We define 2(n) to be the Prime Omega Function (since it’s uppercase Omega). The

function Q(n) counts the number of prime factors of a positive integer n.
For example, ©(24) = 4 and Q(50) = 3.

For each integer in part (a), determine Q(n).

8
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(c) We define w(n) to be the prime omega function (since it’s lowercase omega). The
function w(n) counts the unique prime factors of a positive integer n. For example, w(24) =
2 since the unique prime factors are 2 and 3, we only count 2 once. The value of w(50) = 2

since we only count one of the 5’s.
For each integer in part (a), determine w(n).
(d) Consider the function given by f(n) = Q(n) — w(n).
i. What can we say about n if f(n) =07
ii. What can we say about n if f(n) # 07

Solution:
(a) 1. 25=5x%5 ii. 39 =3 x 13
. 36 =2x2x3x%x3 iv. 40=2x2x2x%x5
(b) i. Q(25) =2 iii. ©(39) =2
ii. Q(36) =4 iv. (40) =4
(c) i w(26)=1 iii. w(39) =2
. w(36) =2 iv. w(40) =2

(d) Answers may vary.

i. If f(n) = 0 then all of n’s prime factors/divisors are unique.

ii. If f(n) # 0 then some of n’s prime factors/divisors are repeated.

5. Rewrite each sum as an expression that uses Sigma Summation Notation. As a hint, each of

the sums start at n = 1.

(a) 34649412415+ 18 + 21 + 24 + 27 + 30

1 2 3 4
) gtstits
3 9 12
Z 49424 =
(c)2+ —|—4+5

(d) The sum of all positive even numbers.
(e) The sum of all positive odd numbers.

(f) 0+1+14+2+14+2+1+3+2+ 2, (Hint: use a function from Question 4)
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Solution: 0
(a) 3+6+9+12+15+18+21+24+27+30= > 3n
n=1

1 2 3 4 A n
b) 4+ =4+ -+ - =
()2+3+4+5 2;n+1
3 9 12 1 2 3 4 4 3n
=P = s = = = - =
@)2+ t1t= 3(2)+3<3>+3(4)+3<5> 2;n+1
(d) 2444+6+8+---=> 2n
n=1
() 1+34+5+7+---=>(2n—-1)
n=1

Note, we could alternatively use > (2n + 1).

n=0

10
() 0+1+14+24+1+2+1+3+2+2=3 Q(n)

n=1

Note, there might be another possible answer so share it on Piazza if you have one!

6. In this question, we will look at some shortcuts for certain sums. You may use a calculator if

it helps.
(a) Evaluate the following sums.

15 75
i 1 i, Y1 i, > 1
n=1

n=1

k
(b) Predict the value of ) 1, where k is any positive integer.

n=1

(c) Evaluate the following sums.

5 9 10
iS4 i S 11 ii. >«

n=1 n=1 n=1

(d) Predict the value of > ¢, where ¢ is a constant and k is any positive integer.
n=1

k k(k+1
(e) For any positive integer k, > n = u Use this formula to evaluate the following
n=1

sums.

10
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7 34 72
i don ii. >on ii. Yon
n=1 n=1 n=1
Solution

6
(a) i S 1=141+1+14+1+1=6
n=1

15
oY 1=1414---+1=15

75

—_
&
M=
—_
I
o

3
Il
-

A=4444+444=>5(4) =20

—~

&
-

B

3
Il
—

11=11+11+-- 411 =9(11) = 99

H.
=
e

_ 3
o |l
ik

11l. T=nm+7+---+7=107

n=1
k
(d) Y. c=ck
n=1
R 7(7+1) 7(8) 56
. = = — 2 _9
(e) i nz::ln 5 > 5 8
34 4
LW G 34B35) 1100
o | 2 2 2
72
i, 33— 72(722—1— 1) _ 72(273) _ 52256 _ 9698
n=1

7. On January 1st, 2022, Constantine did one pushup. The next day he did two pushups, and the
day after he did three pushups.

(a) Continuing this pattern of doing one more pushup than the day before, how many pushups
in total did Constantine do in the month of January?

(b) Assume that for each day of 2022, Constantine does his number of pushups according
to the day of the month (i.e. on the first day of every month, he starts again at one
pushup and increases the pushups by one each day until the end of the month). How
many pushups in total will he do for 20227

(c) Constantine’s sister, Constantina, does twice as many pushups as Constantine on any

11
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given day. How many pushups did she do in January?

Solution: Solutions may vary.

(a)

We can express the number of pushups that Constantine did as a sum:
31
14+2+43+--431=) n
n=1

Using the formula given in Question 6(e), we have

31

C31(31+1)  31(32) 992
> n= 5~ g g 4

n=1

Therefore, Constantine did 496 pushups in the month of January.

Not every month has the same number of days. We will first determine how many
pushups he does in a month with 28 days (for February) and how many pushups he
does in months with 30 days.

For February the number of pushups he does is as follows:

28

28(28 +1)  28(2 12
S 0= (28+1) _28(29) _ 812 _ o
v 2 2 2

Instead of doing the formula for months with 30 days, we can also subtract 31 from

what we got in part (a) to get

30
Zn:496—31:465

n=1

Now we just add up all the months. Note there are 7 months with 31 days, 4 months
with 30 days and 1 month with 28 days. We have the total number of pushups as

496 + 406 + 496 + 465 + 496 -+ 465 + 496 + 496 + 465 + 496 + 465 + 496
= (7)496 + 4(465) + 406

— 3472 + 1860 + 406

= 5738

12
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So by the end of 2022, Constantine will have done 5738 pushups.
There are two ways we can do this question.

Solution 1: Most of you probably want to just take Constantine’s January sum
of 496 and multiply it by 2. This is correct and we find that Constantina did
496 x 2 = 992 pushups in January.

Solution 2: We could calculate a separate sum as follows:
31
24+446+---+62=) 2n
n=1

k

However we don’t really have a formula for > 2n. If we assume that
n=1

131+ 1
S 2n— xwzfﬂ(w):%z

you notice we still get the same answer.

Think about doubling every number and then summing them together. Then think
about taking the sum first, and doubling the total after. They are equivalent in

value.

This is a property of summations that we’ll discuss more in the Live Session. More

generally, for any constant ¢ and any integer function f(n), we have

S ex fn)=cx Y f(n)

13



