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Problem of the Week
Problem C

Sharing Grapes

Jessica has some grapes. She gives one-third of her grapes to Callista. She then
gives 4 grapes to Monica. Finally, she gives one-half of her remaining grapes to
Peter. If Jessica then has 16 grapes left, how many grapes did Jessica begin with?

Themes Algebra, Number Sense



Problem of the Week
Problem C and Solution

Sharing Grapes

Problem
Jessica has some grapes. She gives one-third of her grapes to Callista. She then gives 4 grapes
to Monica. Finally, she gives one-half of her remaining grapes to Peter. If Jessica then has 16
grapes left, how many grapes did Jessica begin with?

Solution
Solution 1:

We work backwards from the last piece of information given.
Jessica has 16 grapes left after giving one-half of her remaining grapes to Peter.
This means that she had 2× 16 = 32 grapes immediately before giving grapes to
Peter.
Immediately before giving grapes to Peter, she gave 4 grapes to Monica, which
means that she had 32 + 4 = 36 grapes immediately before giving 4 grapes to
Monica.
Immediately before giving the 4 grapes to Monica, she gave one-third of her
grapes to Callista, which would have left her with two-thirds of her original
amount.
Since two-thirds of her original amount equals 36 grapes, then one-third equals
one half of 36 or 36

2 = 18 grapes.
Thus, she gave 18 grapes to Callista, and so Jessica began with 36 + 18 = 54
grapes.

Solution 2:

Suppose Jessica started with x grapes.
She gives 1

3x grapes to Callista, leaving her with 1− 1
3x = 2

3x grapes.
She then gives 4 grapes to Monica, leaving her with 2

3x− 4 grapes.
Finally, she gives away one-half of what she has left to Peter, which means that
she keeps one-half of what she has left, and so she keeps 1

2(
2
3x− 4) grapes.

Simplifying this expression, we obtain 2
6x− 4

2 =
1
3x− 2 grapes.

Since she has 16 grapes left, then 1
3x− 2 = 16 and so 1

3x = 18 or x = 54.
Therefore, Jessica began with 54 grapes.



Problem of the Week
Problem C
Stargazing

In a distant solar system, four different comets: Hypatia, Fibonacci, Lovelace,
and Euclid, passed by the planet Ptolemy in 2023. On Ptolemy, it is known that
the Hypatia comet appears every 3 years, the Fibonacci comet appears every 6
years, the Lovelace comet appears every 8 years, and the Euclid comet appears
every 15 years.

When is the next year that all four comets will pass by Ptolemy?

Themes Algebra, Number Sense



Problem of the Week
Problem C and Solution

Stargazing

Problem
In a distant solar system, four different comets: Hypatia, Fibonacci, Lovelace, and Euclid,
passed by the planet Ptolemy in 2023. On Ptolemy, it is known that the Hypatia comet
appears every 3 years, the Fibonacci comet appears every 6 years, the Lovelace comet appears
every 8 years, and the Euclid comet appears every 15 years.

When is the next year that all four comets will pass by Ptolemy?

Solution
Since the Hypatia comet appears every 3 years, it will pass by Ptolemy in the
following numbers of years: 3, 6, 9, 12, 15, 18, 21, 24, 27, 30 . . ..

Since the Fibonacci comet appears every 6 years, it will pass by Ptolemy in the
following numbers of years: 6, 12, 18, 24, 30, . . ..

Therefore, both the Hypatia and Fibonacci comets will pass by Ptolemy in the
following numbers of years: 6, 12, 18, 24, 30, . . ..

This happens because these numbers are common multiples of 3 and 6. If we
want to determine when all four comets next pass by Ptolemy, we need to find the
least common multiple (LCM) of 3, 6, 8, and 15. We shall do this in two ways.

Solution 1

The first way to find the LCM is to list the positive multiples of 3, 6, 8, and 15,
until we find a common multiple in each list.

Number Positive Multiples
3 3, 6, 9, 12, 15, 18, 21, . . . , 108, 111, 114, 117, 120, 123, . . .

6 6, 12, 18, 24, 30, 36, 42, . . . , 96, 102, 108, 114, 120, 126, . . .

8 8, 16, 24, 32, 40, 48, 56, . . . , 104, 112, 120, 128, . . .

15 15, 30, 45, 60, 75, 90, 105, 120, 135, . . .

Thus, the LCM of 3, 6, 8, and 15 is 120. Therefore, the next time all four
planets will pass by Ptolemy is in 120 years. This will be the year 2143.



Solution 2

The second way to determine the LCM is to rewrite 3, 6, 8, and 15 as a prime or
a product of prime numbers. (This is known as prime factorization.)

• 3 = 3

• 6 = 2× 3

• 8 = 2× 2× 2

• 15 = 3× 5

The LCM is calculated by determining the greatest number of each prime
number in any of the factorizations (here we will have three 2s, one 3, and one 5),
and then multiplying these numbers together. This gives 2× 2× 2× 3× 5 = 120.
Therefore, the next time all four planets will pass by Ptolemy is in 120 years.
This will be the year 2143.

Note: The second method is a more efficient way to find the LCM, especially
when the numbers are quite large.



Problem of the Week
Problem C

Fruit Display

Jigme placed five oranges in a row on a long plate. He then placed one apple in
each of the spaces in the row between two oranges.

Next, he placed one banana in each of the spaces between two fruits already in
the row.

He then repeated this procedure with pears, then peaches, and finally with
strawberries.

Determine the total number of fruits in the row.

Themes Algebra, Number Sense



Problem of the Week
Problem C and Solution

Fruit Display

Problem
Jigme placed five oranges in a row on a long plate. He then placed one apple in each of the
spaces in the row between two oranges.

Next, he placed one banana in each of the spaces between two fruits already in the row.

He then repeated this procedure with pears, then peaches, and finally with strawberries.

Determine the total number of fruits in the row.

Solution
After placing 5 oranges in the row, there are 4 spaces between the fruits. So
Jigme placed 4 apples in the row. At this point, there are 5 + 4 = 9 fruits in the
row.

Since there are now 9 fruits in the row, there are 8 spaces between the fruits. So
Jigme placed 8 bananas in the row. At this point, there are 9 + 8 = 17 fruits in
the row.

Since there are now 17 fruits in the row, there are 16 spaces between the fruits.
So Jigme placed 16 pears in the row. At this point, there are 17 + 16 = 33 fruits
in the row.

Since there are now 33 fruits in the row, there are 32 spaces between the fruits.
So Jigme placed 32 peaches in the row. At this point, there are 33 + 32 = 65
fruits in the row.

Finally, since there are now 65 fruits in the row, there are 64 spaces between the
fruits. So Jigme placed 64 strawberries in the row. At this point, there are
65 + 64 = 129 fruits in the row.

Thus, there are 129 fruits in the row in total.

Extension:

You may have noticed a pattern in the total number of fruits after each new fruit
was added. If Jigme placed fruits in this way using n different fruits, there will be
a total of 2n+1 + 1 fruits in the row. Can you see why? Start by looking at the
number of spaces between the fruits.



Problem of the Week
Problem C

Berry Picking

Owen, Gabriel, and Ariane work as strawberry pickers at a local farm. One week
Owen picked 135 more strawberries than Gabriel, and Ariane picked 110 more
strawberries than Owen. In total that week Owen, Gabriel, and Ariane picked
2000 strawberries.

Determine the number of strawberries that each person picked.

Themes Algebra, Number Sense



Problem of the Week
Problem C and Solution

Berry Picking

Problem
Owen, Gabriel, and Ariane work as strawberry pickers at a local farm. One week Owen picked
135 more strawberries than Gabriel, and Ariane picked 110 more strawberries than Owen. In
total that week Owen, Gabriel, and Ariane picked 2000 strawberries.

Determine the number of strawberries that each person picked.

Solution
Solution 1

Let g be the number of strawberries that Gabriel picked. It follows that Owen
picked (g + 135) strawberries and Ariane picked (g + 135 + 110) strawberries.
Since they picked 2000 strawberries in total, we can write and solve the following
equation:

g + (g + 135) + (g + 135 + 110) = 2000

g + (g + 135) + (g + 245) = 2000

3g + 380 = 2000

3g = 1620

g = 540

So, g + 135 = 675 and g + 135 + 110 = 785.

Thus, Gabriel picked 540 strawberries, Owen picked 675 strawberries, and Ariane
picked 785 strawberries.

Solution 2

If Owen had picked 135 fewer strawberries, and Ariane had picked
135 + 110 = 245 fewer strawberries, then each would have picked the same
number of strawberries as Gabriel. In that case, each person would have picked 1

3

of (2000− 135− 245), which is 1
3 × 1620 = 540 strawberries.

Thus, Gabriel picked 540 strawberries. Then Owen picked 540 + 135 = 675
strawberries and Ariane picked 540 + 245 = 785 strawberries.



Problem of the Week
Problem C

Gimme Some Change

Jean gave Karyna a bag of coins containing only nickels (5 cent coins) and dimes
(10 cent coins). The total value of all the coins in the bag was $11 and there were
16 more nickels than dimes in the bag.

How many coins in total were in the bag?

Note: In Canada, 100 cents is equal to $1.

Themes Algebra, Number Sense



Problem of the Week
Problem C and Solution
Gimme Some Change

Problem
Jean gave Karyna a bag of coins containing only nickels (5 cent coins) and dimes (10 cent
coins). The total value of all the coins in the bag was $11 and there were 16 more nickels than
dimes in the bag.

How many coins in total were in the bag?

Note: In Canada, 100 cents is equal to $1.

Solution
Solution 1

In this solution, we will solve the problem without using algebra.

The bag had 16 more nickels than dimes. These 16 nickels are worth 16× 5 = 80 cents, or
$0.80. The remaining $11.00− $0.80 = $10.20 would be made up using an equal number of
nickels and dimes. Each nickel-dime pair is worth 15 cents, or $0.15. By dividing $10.20 by
$0.15 we determine the number of nickel-dime pairs that are required to make $10.20. Since
$10.20÷ $0.15 = 68, we need 68 nickel-dime pairs. That is, we need 68 nickels and 68 dimes to
make $10.20. But there were 16 more nickels in the bag. Therefore, there were a total of
68 + 68 + 16 = 152 coins in the bag.

Solution 2

In this solution, we will solve the problem using algebra.

Let d represent the number of dimes. Since there were 16 more nickels than dimes in the bag,
then there were (d+ 16) nickels in the bag. Since each dime is worth 10 cents, the value of d
dimes is 10d cents.

Since each nickel is worth 5 cents, the value of (d+ 16) nickels is 5(d+ 16) cents. The bag
contains a total value of $11 or 1100 cents. Therefore,

Value of Dimes (in cents) + Value of Nickels (in cents) = Total Value (in cents)
10d+ 5(d+ 16) = 1100

10d+ 5d+ 80 = 1100

15d = 1100− 80

15d = 1020

d = 68

d+ 16 = 84

Therefore, there were 68 dimes and 84 nickels for a total of 68 + 84 = 152 coins in the bag.



Problem of the Week
Problem C

Overlapping Shapes 1

Omar draws square ABCD with side length 4 cm. Jaime then draws 4AED on
top of square ABCD so that

• sides AE and DE meet BC at F and G, respectively,

• FG is 3 cm, and

• the area of 4AED is twice the area of square ABCD.

Determine the area of 4FEG.

Themes Algebra, Geometry & Measurement



Problem of the Week
Problem C and Solution
Overlapping Shapes 1

Problem

Omar draws square ABCD with side length 4 cm. Jaime then draws 4AED on top of square
ABCD so that

• sides AE and DE meet BC at F and G, respectively,

• FG is 3 cm, and

• the area of 4AED is twice the area of square ABCD.

Determine the area of 4FEG.

Solution
Solution 1

In the first solution we will find the area of square ABCD, the area of 4AED,
the area of trapezoid AFGD, and then use these to calculate the area of 4FEG.

The area of square ABCD is 4× 4 = 16 cm2. Since the area of 4AED is twice
the area of square ABCD, it follows that the area of 4AED is 2× 16 = 32 cm2.

Recall that to find the area of a trapezoid, we multiply the sum of the lengths of
the two parallel sides by the height, and divide the product by 2. In trapezoid
AFGD, the two parallel sides are AD and FG, and the height is the width of
square ABCD, namely AB.

Area of trapezoid AFGD = (AD + FG)× AB ÷ 2

= (4 + 3)× 4÷ 2

= 7× 4÷ 2

= 14 cm2

The area of 4FEG is equal to the area of 4AED minus the area of trapezoid
AFGD. Thus, the area of 4FEG is 32− 14 = 18 cm2.



Solution 2

We construct an altitude of 4AED from E, intersecting AD at P and BC at Q.
Since ABCD is a square, we know that AD is parallel to BC. Therefore, since
PE is perpendicular to AD, QE is perpendicular to FG and thus an altitude of
4FEG. In this solution we will find the height of 4FEG, that is, the length of
QE, and then use this to calculate the area of 4FEG.

The area of square ABCD is 4× 4 = 16 cm2. Since the area of 4AED is twice
the area of square ABCD, it follows that the area of 4AED is 2× 16 = 32 cm2.

We also know that

Area 4AED = AD × PE ÷ 2

32 = 4× PE ÷ 2

32 = 2× PE

PE = 32÷ 2

= 16 cm

Since ∠APQ = 90◦, we know that ABQP is a rectangle, and so PQ = AB = 4
cm. We also know that PE = PQ+QE. Since PE = 16 cm and PQ = 4 cm, it
follows that QE = PE − PQ = 16− 4 = 12 cm. We can then calculate the area
of 4FEG.

Area 4FEG = FG×QE ÷ 2

= 3× 12÷ 2

= 18 cm2

Therefore, the area of 4FEG is 18 cm2.



Problem of the Week
Problem C

Exponential Expressions

We are given two expressions:

Expression A: 72× 7x

Expression B: 441× 2y

Given that x and y are positive integers, find all ordered pairs (x, y) so that the
value of Expression A is equal to the value of Expression B.

Themes Algebra, Number Sense



Problem of the Week
Problem C and Solution
Exponential Expressions

Problem
We are given two expressions:

Expression A: 72× 7x

Expression B: 441× 2y

Given that x and y are positive integers, find all ordered pairs (x, y) so that the value of
Expression A is equal to the value of Expression B.

Solution
Solution 1

We write each expression as the product of prime numbers.

Expression A = (23)(32)(7x) and Expression B = (32)(72)(2y).

Since x and y are each positive integers and the expressions are equal in value,
then the corresponding exponents for each prime number must be equal.
Therefore, x = 2 and y = 3 is the only integer solution.

Thus, the only ordered pair is (2, 3).

Solution 2

Setting the two expressions equal to each other, we have

72× 7x = 441× 2y

Dividing both sides by 9, we have

8× 7x = 49× 2y

Expressing each side of the equation as the product of prime numbers, we have

23 × 7x = 72 × 2y

Since x and y are each positive integers and the expressions are equal in value,
then the corresponding exponents for each prime number must be equal.
Therefore, x = 2 and y = 3 is the only integer solution.

Thus, the only ordered pair is (2, 3).



Computational
Thinking (C)

Take me to the
cover



Problem of the Week
Problem C

Just Keep Hopping

In a computer game, a frog jumps along a row of lily pads. There are ten lily
pads in the row, numbered from 1 to 10 starting on the left.

From any lily pad the frog can jump either two lily pads right or three lily pads
left, as long as it lands on one of the ten lily pads.

For example from lily pad 8, the frog can jump either three lily pads left to pad
5, or two lily pads right to pad 10. However, from lily pad 2, the frog can only
jump two lily pads right to pad 4 because jumping three lily pads left would take
it past pad 1 so there would be no lily pad to land on.

If the frog starts on lily pad 1 and visits every lily pad exactly once, what is the
number on the last lily pad it lands on?

Not printing this page? You can use our interactive worksheet.

This problem was inspired by a past Beaver Computing Challenge (BCC) problem.

Theme Computational Thinking

https://mathigon.org/polypad/0lgVmk7nSSuvQ
https://www.cemc.uwaterloo.ca/contests/bcc.html


Problem of the Week
Problem C and Solution

Just Keep Hopping

Problem
In a computer game, a frog jumps along a row of lily pads. There are ten lily pads in the row,
numbered from 1 to 10 starting on the left.

From any lily pad the frog can jump either two lily pads right or three lily pads left, as long as
it lands on one of the ten lily pads.

For example from lily pad 8, the frog can jump either three lily pads left to pad 5, or two lily
pads right to pad 10. However, from lily pad 2, the frog can only jump two lily pads right to
pad 4 because jumping three lily pads left would take it past pad 1 so there would be no lily
pad to land on.

If the frog starts on lily pad 1 and visits every lily pad exactly once, what is the number on the
last lily pad it lands on?

Not printing this page? You can use our interactive worksheet.

This problem was inspired by a past Beaver Computing Challenge (BCC) problem.

Solution
Starting on lily pad 1, the frog can only jump two lily pads right to pad 3. From
there, it can only jump two lily pads right to pad 5. Lily pads that have been
visited are shown in grey.

From lily pad 5 the frog can either jump three lily pads left to pad 2, or two lily
pads right to pad 7. However, the only way to visit pad 2 is from pad 5, and
since the frog visits each lily pad exactly once, it can’t come back to pad 5 later.
So the frog must jump to pad 2 now.

https://mathigon.org/polypad/0lgVmk7nSSuvQ
https://www.cemc.uwaterloo.ca/contests/bcc.html


From lily pad 2 the frog can only jump two lily pads right to pad 4. From there,
it can only jump two lily pads right to pad 6, from there it can only jump two lily
pads right to pad 8, and from there it can only jump two lily pads right to pad 10.

From lily pad 10 the the frog can only jump three lily pads left to pad 7. From
there, it can only jump two lily pads right to pad 9.

At this point all of the lily pads have been visited exactly once. Therefore, the
last lily pad that the frog lands on is pad 9.



Problem of the Week
Problem C
Corn Maze

Baljit and Harinder go to a local farm to do a corn maze. The map of the corn
maze is given.

On the day they arrive, the farm has the restrictions that they can only travel
south, east, or southeast along a path. Using these restrictions, how many
different routes can they take from Start to Finish?

Theme Computational Thinking



Problem of the Week
Problem C and Solution

Corn Maze

Problem

Baljit and Harinder go to a local farm to do a corn maze. The map of the corn maze is given.

On the day they arrive, the farm has the restrictions that they can only travel south, east, or
southeast along a path. Using these restrictions, how many different routes can they take from
Start to Finish?

Solution
We can solve this problem by tracing out different routes and counting how many we find. We
will set up a systematic approach to do so, to ensure that we do not miss any routes.

We begin by labelling the Start with the letter S and the Finish with the letter F . We label
the other seven intersections in the maze as A, B, C, D, E, G, and H, as shown.

Starting at S, Baljit and Harinder can only travel next to A or C.

Case 1: Baljit and Harinder travel from S to A.

Since Baljit and Harinder can only travel east, south, or southeast along a path, they have only
two choices for where to go next: B or D.

• If Baljit and Harinder travel to B, then since they can only travel east, south, or
southeast, they must go to E next, followed by F . Therefore, one route from S to F is
from S to A to B to E to F .

• If Baljit and Harinder travel to D, then since they can only travel east, south, or
southeast, they can go to E, F , or H next.



– If they travel from D to E, they must then go to F . Therefore, one route from S to
F is from S to A to D to E to F .

– If they travel from D to F , we have found another route. Therefore, one route from
S to F is from S to A to D to F .

– If they travel from D to H, they must then go to F . Therefore, one route from S to
F is from S to A to D to H to F .

In total, there are four routes from S to F in which Baljit and Harinder first travel from S to A.

Case 2: Baljit and Harinder travel from S to C.

Since Baljit and Harinder can travel east, south, or southeast along a path, they have three
choices for where to go next: D, H, or G.

• If they travel from C to D, they again have three choices for where to go next: E, F , or
H.

– If they travel from D to E, they must then go to F . Therefore, one route from S to
F is from S to C to D to E to F .

– If they travel from D to F , we have found another route. Therefore, one route from
S to F is from S to C to D to F .

– If they travel from D to H, they must then go to F . Therefore, one route from S to
F is from S to C to D to H to F .

• If they travel from C to H, from H they must go to F . Therefore, another route from S
to F is from S to C to H to F .

• If they travel from C to G, they must then go to H and then to F . Another route from S
to F is from S to C to G to H to F .

In total, there are five routes from S to F in which Baljit and Harinder first travel from S to C.

Therefore, there are a total of 4 + 5 = 9 different routes that Baljit and Harinder can take from
Start to Finish.



Problem of the Week
Problem C

A Small Leap

Most people think of a year as 365 days, how-
ever it is actually slightly more than 365 days.
To account for this extra time we use leap
years, which are years containing one extra
day.
The flowchart shown can be used to determine
whether or not a given year is a leap year. Us-
ing the flowchart, we can conclude the follow-
ing:

• 2018 was not a leap year because 2018 is
not divisible by 4.

• 2016 was a leap year because 2016 is di-
visible by 4, but not 100.

• 2100 will not be a leap year because 2100
is divisible by 4 and 100, but not 400.

• 2000 was a leap year because 2000 is di-
visible by 4, 100, and 400.

How many leap years are there between the
years 2000 and 2400, inclusive?

Themes Computational Thinking, Number Sense



Problem of the Week
Problem C and Solution

A Small Leap

Problem
Most people think of a year as 365 days, however it
is actually slightly more than 365 days. To account
for this extra time we use leap years, which are years
containing one extra day.
The flowchart shown can be used to determine
whether or not a given year is a leap year. Using
the flowchart, we can conclude the following:

• 2018 was not a leap year because 2018 is not
divisible by 4.

• 2016 was a leap year because 2016 is divisible by
4, but not 100.

• 2100 will not be a leap year because 2100 is
divisible by 4 and 100, but not 400.

• 2000 was a leap year because 2000 is divisible by
4, 100, and 400.

How many leap years are there between the years 2000
and 2400, inclusive?



Solution
From the flowchart we can determine that leap years are either

• multiples of 4 that are not also multiples of 100, or

• multiples of 4, 100, and 400.

Note that we can simplify the second case to just multiples of 400, since any
multiple of 400 will also be a multiple of 4 and 100.

First we notice that 2000 and 2400 are both multiples of 400, so they are both
leap years. In fact, they are the only multiples of 400 between 2000 and 2400,
inclusive.

Next we count the multiples of 4 between 2000 and 2400, inclusive. Writing out
some of the first few multiples of 4 gives: 2000, 2004, 2008, 2012, . . ..

We will look at the 400 numbers from 2000 to 2399 and ignore 2400 for the
moment since we already know it’s a leap year. Since 2000 is a multiple of 4 and
every fourth number after that is also a multiple of 4, it follows that 1

4 of the 400
numbers from 2000 to 2399 will be multiples of 4. Thus, there are 1

4 × 400 = 100
multiples of 4 between 2000 and 2399, inclusive.

However, we have included the multiples of 100, so we need to subtract these.
These are 2000, 2100, 2200, and 2300. Thus there are 100− 4 = 96 multiples of
4 between 2000 and 2399, inclusive, that are not also multiples of 100.

Thus, in total, there are 2 + 96 = 98 leap years between 2000 and 2400, inclusive.



Problem of the Week
Problem C

Stacking Bowls

Alice has a set of bowls of various sizes. She likes stacking her bowls upside
down. A bowl can be stacked over another bowl if the smaller bowl can be
completely enclosed by the larger bowl. This means the larger bowl can
completely hide the smaller bowl.

For the example below, a bowl with a width of 10 cm and height 10 cm can stack
over a bowl with a width of 5 cm and a height of 5 cm. In turn they can be
stacked over by a bowl with a width of 20 cm and a height of 20 cm. This gives a
single stack.

On the other hand, a bowl with a width of 20 cm and a height of 20 cm cannot
be stacked over a bowl of a width of 25 cm and a height of 15 cm. Also, a bowl
with a width of 25 cm and a height of 15 cm cannot be stacked over a bowl of a
width of 20 cm and a height of 20 cm.

Alice has the following set of bowls and starts stacking them. What is the fewest
number of stacks that Alice can have?

Theme Computational Thinking



Problem of the Week
Problem C and Solution

Stacking Bowls

Problem

Alice has a set of bowls of various sizes. She likes stacking her bowls upside down. A bowl can
be stacked over another bowl if the smaller bowl can be completely enclosed by the larger
bowl. This means the larger bowl can completely hide the smaller bowl.

For the example below, a bowl with a width of 10 cm and height 10 cm can stack over a bowl
with a width of 5 cm and a height of 5 cm. In turn they can be stacked over by a bowl with a
width of 20 cm and a height of 20 cm. This gives a single stack.

On the other hand, a bowl with a width of 20 cm and a height of 20 cm cannot be stacked over
a bowl of a width of 25 cm and a height of 15 cm. Also, a bowl with a width of 25 cm and a
height of 15 cm cannot be stacked over a bowl of a width of 20 cm and a height of 20 cm.

Alice has the following set of bowls and starts stacking them. What is the fewest number of
stacks that Alice can have?



Solution
We note that the bowl with a width of 45 cm and a height of 45 cm cannot be
stacked over a bowl of a width of 50 cm and a height of 30 cm. We also note that
we are not able to stack these two bowls the other way either. Therefore, we
cannot have a single stack. Thus, if we can find a solution with two stacks then
we will find the fewest number of stacks is two.

Here is a solution with two possible stacks. The four bowls in the first row can be
stacked and the three bowls in the bottom row can also be stacked.

Therefore, the fewest number of stacks is 2.



Problem of the Week
Problem C

Take a Seat 1

Twelve people are seated around a circular table. They each hold a card with a
different integer from 1 to 12 on it. For any two people sitting beside each other,
the positive difference between the integers on their cards is no more than 2. The
people with integers 1, 3, a, and b are seated as shown.

What is the value of a+ b?

Note: The positive difference between two numbers is found by subtracting the smaller number from
the larger number.

Theme Computational Thinking



Problem of the Week
Problem C and Solution

Take a Seat 1
Problem
Twelve people are seated around a circular table. They each hold a card with a different
integer from 1 to 12 on it. For any two people sitting beside each other, the positive difference
between the integers on their cards is no more than 2. The people with integers 1, 3, a, and b
are seated as shown.

What is the value of a+ b?

Solution
Because two integers that are beside each other must
have a positive difference of at most 2, then the possi-
ble neighbours of 1 are 2 and 3. Since 1 has exactly two
neighbours, then 1 must be between 2 and 3.
Next, consider 2. Its possible neighbours are 1, 3, and
4. The number 2 is already a neighbour of 1 and cannot
be a neighbour of 3 (since 3 is on the other side of 1).
Therefore, 2 is between 1 and 4. This allows us to update
the diagram as shown.

Continuing in this way, the possible neighbours of 3 are
1, 2, 4, and 5. The number 1 is already beside 3, and
the numbers 2 and 4 cannot be beside 3. So 5 must be
beside 3.
The possible neighbours of 4 are 2, 3, 5, and 6. The
number 2 is already beside 4. Numbers 3 and 5 cannot
be beside 4. So 6 must be beside 4.
Similarly, we know 7 will be beside 5 and 8 will be beside
6. Thus, a = 8. Continuing this way, we know 9 is beside
7, 10 is beside 8, 11 is beside 9, and 12 is beside 10. Thus,
b = 12. The completed circle is shown.
Therefore, a+ b = 8 + 12 = 20.
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Problem of the Week
Problem C
Spin to Win

Esa has created a game for his math fair using two spinners. One spinner is
divided into four equal sections labeled 1, 3, 4, and 5. The other spinner is
divided into five equal sections labeled 1, 3, 5, 9, and 12.

To play the game, a player spins each spinner once and then multiplies the two
numbers the spinners land on. If this product is a perfect square, the player wins.
What is the probability of winning the game?

Note: A square of any integer is called a perfect square. For example, the
number 25 is a perfect square since it can be expressed as 52 or 5× 5.
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Problem of the Week
Problem C and Solution

Spin to Win

Problem
Esa has created a game for his math fair using two spinners. One spinner is divided into four
equal sections labeled 1, 3, 4, and 5. The other spinner is divided into five equal sections
labeled 1, 3, 5, 9, and 12. To play the game, a player spins each spinner once and then
multiplies the two numbers the spinners land on. If this product is a perfect square, the player
wins. What is the probability of winning the game?

Note: A square of any integer is called a perfect square. For example, the number 25 is a
perfect square since it can be expressed as 52 or 5× 5.

Solution
In order to determine the probability, we must determine the number of ways to obtain a
perfect square and divide it by the total number of possible combinations of spins. To do so,
we will create a table where the rows show the possible results for Spinner 1, the spinner with
four sections, the columns show the possible results for Spinner 2, the spinner with five
sections, and each cell in the body of the table gives the product of the numbers on the
corresponding spinners.

Spinner 2
1 3 5 9 12

1 1 3 5 9 12
3 3 9 15 27 36
4 4 12 20 36 48

S
p
in

n
er

1

5 5 15 25 45 60

From the table, we see that there are 20 possible combinations of spins. Of these, the following
result in products that are perfect squares:

• The number 1 is a perfect square (1 = 1× 1), and it occurs one time.

• The number 4 is a perfect square (4 = 2× 2), and it occurs one time.

• The number 9 is a perfect square (9 = 3× 3), and it occurs two times.

• The number 25 is a perfect square (25 = 5× 5), and it occurs one time.

• The number 36 is a perfect square (36 = 6× 6), and it occurs two times.

Thus, 7 of the 20 products are perfect squares. Therefore, the probability of winning the game
is 7

20
, or 35%.

Extension: A game is considered fair if the probability of winning is 50%. Can you modify
this game so that it is fair?
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Problem of the Week
Problem C

Teddy Was Framed

Pat has four rectangular pieces of wood, each 30 cm long and 3 cm wide. She
arranges the four pieces of wood to form the border of a picture frame for a
picture of a teddy bear, as shown.

Determine the area of the region enclosed by the wooden frame.
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Problem of the Week
Problem C and Solution

Teddy Was Framed
Problem
Pat has four rectangular pieces of wood, each 30 cm long and 3 cm wide. She arranges the four
pieces of wood to form the border of a picture frame for a picture of a teddy bear, as shown.

Determine the area of the region enclosed by the wooden frame.

Solution
Solution 1

The region enclosed by the wooden frame is a square with side length
30− 3 = 27 cm.

Thus, the area of the region enclosed by the frame is equal to 27× 27 = 729 cm2.

Solution 2

The outer perimeter of the frame forms a square with side length 30+ 3 = 33 cm.

The area of the outer square is therefore 33× 33 = 1089 cm2.

The area of the region enclosed by the wooden frame is equal to the area of the
outer square minus the areas of the four wooden rectangles.

Each wooden rectangle has area 30× 3 = 90 cm2.

Therefore, the area of the region enclosed by the frame is equal to
1089− 4× 90 = 729 cm2.



Problem of the Week
Problem C

Intersecting Triangles

4ABC and 4PQR are equilateral triangles with vertices B and P on line
segment MN . The triangles intersect at two points, X and Y , as shown.

If ∠NPQ = 75◦ and ∠MBA = 65◦, determine the measure of ∠CXY .
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Problem of the Week
Problem C and Solution
Intersecting Triangles

Problem
4ABC and 4PQR are equilateral triangles with vertices B and P on line segment MN . The
triangles intersect at two points, X and Y , as shown.

If ∠NPQ = 75◦ and ∠MBA = 65◦, determine the measure of ∠CXY .

Solution
In any equilateral triangle, all sides are equal in length and each angle measures 60◦.

Since 4ABC and 4PQR are equilateral,
∠ABC = ∠ACB = ∠CAB = ∠QPR = ∠PRQ = ∠RQP = 60◦.

Since the angles in a straight line sum to 180◦, we have
180◦ = ∠MBA+ ∠ABC + ∠Y BP = 65◦ + 60◦ + ∠Y BP .
Rearranging, we have ∠Y BP = 180◦ − 65◦ − 60◦ = 55◦.

Similarly, since angles in a straight line sum to 180◦, we have
180◦ = ∠NPQ+ ∠QPR + ∠Y PB = 75◦ + 60◦ + ∠Y PB.
Rearranging, we have ∠Y PB = 180◦ − 75◦ − 60◦ = 45◦.

Since the angles in a triangle sum to 180◦, in 4BY P we have
∠Y PB + ∠Y BP + ∠BY P = 180◦, and so 45◦ + 55◦ + ∠BY P = 180◦.
Rearranging, we have ∠BY P = 180◦ − 45◦ − 55◦ = 80◦.

When two lines intersect, vertically opposite angles are equal. Since ∠XY C and ∠BY P are
vertically opposite angles, we have ∠XY C = ∠BY P = 80◦.

Again, since angles in a triangle sum to 180◦, in 4XY C we have
∠XY C + ∠XCY + ∠CXY = 180◦. We have already found that ∠XY C = 80◦, and since
∠XCY = ∠ACB, we have ∠XCY = 60◦. So, ∠XY C + ∠XCY + ∠CXY = 180◦ becomes
80◦ + 60◦ + ∠CXY = 180◦. Rearranging, we have ∠CXY = 180◦ − 80◦ − 60◦ = 40◦.

Therefore, ∠CXY = 40◦.



Problem of the Week
Problem C

Climbing Up and Down

An obstacle course is created as follows. Two posts, the first being 4 m high and
the second being 7.5 m high, are placed 12 m apart. A rope ladder starts on the
ground, 3 m from the base of the first post, and finishes at the top of the first
post. A second rope ladder connects the tops of the two posts. A third rope
ladder starts at the top of the second post and finishes on the ground 4 m from
the base of the second post. An illustration of the obstacle course is provided
below.

To complete the obstacle course, Jesse has to climb along the three rope ladders.
If each of the three rope ladders forms a straight line, then determine the total
distance Jesse must travel on the rope ladders.

Note: You may find the following useful:

The Pythagorean Theorem states, “In a right-angled triangle, the square of the
length of hypotenuse (the side opposite the right angle) equals the sum of the
squares of the lengths of the other two sides.”

In the right-angled triangle shown, c is the hypotenuse, a and b are the lengths of
the other two sides, and c2 = a2 + b2.
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Problem of the Week
Problem C and Solution
Climbing Up and Down

Problem
An obstacle course is created as follows. Two posts, the first being 4 m high and the second
being 7.5 m high, are placed 12 m apart. A rope ladder starts on the ground, 3 m from the
base of the first post, and finishes at the top of the first post. A second rope ladder connects
the tops of the two posts. A third rope ladder starts at the top of the second post and finishes
on the ground 4 m from the base of the second post. An illustration of the obstacle course is
provided below.

To complete the obstacle course, Jesse has to climb along the three rope ladders. If each of the
three rope ladders forms a straight line, then determine the total distance Jesse must travel on
the rope ladders.

Solution
We begin by labelling the diagram.
Let P be where the first rope ladder meets the ground.
Let U be the base of the first post and Q be the top of the first post.
Let T be the base of the second post and R be the top of the second post.
Let S be where the third rope ladder meets the ground.

The total distance Jesse must travel on the rope ladders is equal to
PQ+QR +RS.

First, we will calculate the lengths of PQ and RS.



Since ∠PUQ = 90◦, we can apply the Pythagorean Theorem in 4PUQ. Thus,
PQ2 = QU 2 + PU 2 = 42 + 32 = 16 + 9 = 25. Therefore, PQ = 5, since PQ > 0.

Similarly, ∠RTS = 90◦, so we can apply the Pythagorean Theorem in 4RTS.
Thus, RS2 = RT 2 + TS2 = 7.52 + 42 = 56.25 + 16 = 72.25. Therefore,
RS = 8.5, since RS > 0.

Now we will calculate the length of QR. Draw a line from Q perpendicular to
RT . Let A be the point of intersection of the perpendicular with RT . Since QA
is perpendicular to RT , QATU is a rectangle. Therefore, QA = UT = 12 and
AT = QU = 4. Thus, AR = RT − AT = 7.5− 4 = 3.5.

Since ∠QAR = 90◦, we can apply the Pythagorean Theorem in 4QAR. Thus,
QR2 = QA2 +AR2 = 122 + 3.52 = 144 + 12.25 = 156.25. Therefore, QR = 12.5,
since QR > 0.

Therefore, the total distance Jesse must travel on the rope ladders is
PQ+QR +RS = 5 + 12.5 + 8.5 = 26 m.



Problem of the Week
Problem C

Overlapping Shapes 1

Omar draws square ABCD with side length 4 cm. Jaime then draws 4AED on
top of square ABCD so that

• sides AE and DE meet BC at F and G, respectively,

• FG is 3 cm, and

• the area of 4AED is twice the area of square ABCD.

Determine the area of 4FEG.
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Problem of the Week
Problem C and Solution
Overlapping Shapes 1

Problem

Omar draws square ABCD with side length 4 cm. Jaime then draws 4AED on top of square
ABCD so that

• sides AE and DE meet BC at F and G, respectively,

• FG is 3 cm, and

• the area of 4AED is twice the area of square ABCD.

Determine the area of 4FEG.

Solution
Solution 1

In the first solution we will find the area of square ABCD, the area of 4AED,
the area of trapezoid AFGD, and then use these to calculate the area of 4FEG.

The area of square ABCD is 4× 4 = 16 cm2. Since the area of 4AED is twice
the area of square ABCD, it follows that the area of 4AED is 2× 16 = 32 cm2.

Recall that to find the area of a trapezoid, we multiply the sum of the lengths of
the two parallel sides by the height, and divide the product by 2. In trapezoid
AFGD, the two parallel sides are AD and FG, and the height is the width of
square ABCD, namely AB.

Area of trapezoid AFGD = (AD + FG)× AB ÷ 2

= (4 + 3)× 4÷ 2

= 7× 4÷ 2

= 14 cm2

The area of 4FEG is equal to the area of 4AED minus the area of trapezoid
AFGD. Thus, the area of 4FEG is 32− 14 = 18 cm2.



Solution 2

We construct an altitude of 4AED from E, intersecting AD at P and BC at Q.
Since ABCD is a square, we know that AD is parallel to BC. Therefore, since
PE is perpendicular to AD, QE is perpendicular to FG and thus an altitude of
4FEG. In this solution we will find the height of 4FEG, that is, the length of
QE, and then use this to calculate the area of 4FEG.

The area of square ABCD is 4× 4 = 16 cm2. Since the area of 4AED is twice
the area of square ABCD, it follows that the area of 4AED is 2× 16 = 32 cm2.

We also know that

Area 4AED = AD × PE ÷ 2

32 = 4× PE ÷ 2

32 = 2× PE

PE = 32÷ 2

= 16 cm

Since ∠APQ = 90◦, we know that ABQP is a rectangle, and so PQ = AB = 4
cm. We also know that PE = PQ+QE. Since PE = 16 cm and PQ = 4 cm, it
follows that QE = PE − PQ = 16− 4 = 12 cm. We can then calculate the area
of 4FEG.

Area 4FEG = FG×QE ÷ 2

= 3× 12÷ 2

= 18 cm2

Therefore, the area of 4FEG is 18 cm2.



Problem of the Week
Problem C

Cubes Be Gone

A 5 by 5 by 5 cube is formed using identical 1 by 1 by 1 cubes.

Fifteen columns of cubes are then removed, five from front to back, five from top
to bottom, and five from side to side. The columns that are removed are
indicated by the shaded squares in the following diagram of the cube.

Following the removal of the fifteen columns of cubes, what percentage of the
original number of 1 by 1 by 1 cubes remain?
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Problem of the Week
Problem C and Solution

Cubes Be Gone

Problem
A 5 by 5 by 5 cube is formed using identical 1 by 1 by 1 cubes.

Fifteen columns of cubes are then removed, five from front to back, five from top to bottom,
and five from side to side. The columns that are removed are indicated by the shaded squares
in the following diagram of the cube.

Following the removal of the fifteen columns of cubes, what percentage of the original number
of 1 by 1 by 1 cubes remain?

Solution
Solution 1

In this solution, we analyze how many cubes are removed at each of the following stages: when
removing the columns from front to back, when removing the columns from top to bottom, and
finally when removing the columns from side to side.

When removing columns from the front to the back, 5 smaller cubes are removed from each
layer. A total of 25 cubes are removed during this stage.

When removing cubes from top to bottom, since some cubes have already been removed with
the front to back columns, the number of cubes removed from each layer is no longer the same.
From top to bottom, the number of cubes removed from each layer is 5, 1, 4, 1, and 5. Thus,
16 additional cubes are removed during this stage.

Finally, when removing cubes from side to side, the number of cubes removed at each layer is
5, 1, 4, 1, and 5, the same as the number removed in going from top to bottom. Thus, a total
of 16 additional cubes are removed during this final stage.

The total number of cubes removed is 25 + 16 + 16 = 57. The original 5 by 5 by 5 cube had
5× 5× 5 = 125 of the smaller 1 by 1 by 1 cubes. Therefore, there are 125− 57 = 68 cubes
remaining. The percentage of the original number of 1 by 1 by 1 cubes remaining after the
removal of the fifteen columns is 68÷ 125× 100% = 54.4%.



Solution 2

The diagram below shows each layer of the 5 by 5 by 5 cube after the columns of cubes have
been removed. The cubes that have been removed are shaded in grey.

In the first layer, 20 of the 1 by 1 by 1 cubes remain. In the second layer, 8 of the 1 by 1 by 1
cubes remain. In the third layer, 12 of the 1 by 1 by 1 cubes remain. In the fourth layer, 8 of
the 1 by 1 by 1 cubes remain. And in the final layer, 20 of the 1 by 1 by 1 cubes remain.

A total of 20 + 8 + 12 + 8 + 20 = 68 of the 1 by 1 by 1 cubes remain. There were 125 1 by 1 by
1 cubes in the original 5 by 5 by 5 cube.

The percentage of the original number of 1 by 1 by 1 cubes remaining after the removal of the
fifteen columns is 68÷ 125× 100% = 54.4%.



Problem of the Week
Problem C

A Divided Circle

Two circles are said to be concentric if they have the same centre.

In the diagram below, there are two concentric circles. The radius of the smaller
circle is 5 cm. The portion inside the larger circle that is outside of the smaller
circle is divided into eight congruent pieces that each have the same area as the
smaller circle.

In terms of π, what is the circumference of the larger circle?
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Problem of the Week
Problem C and Solution

A Divided Circle

Problem
Two circles are said to be concentric if they have the same centre.

In the diagram below, there are two concentric circles. The radius of the smaller circle is 5 cm.
The portion inside the larger circle that is outside of the smaller circle is divided into eight
congruent pieces that each have the same area as the smaller circle.

In terms of π, what is the circumference of the larger circle?

Solution
Since the radius of the smaller circle is 5 cm, it follows that the area of this circle is
π(5)2 = 25π cm2.

To determine the circumference of the larger circle, we will first find its radius.

Let r be the radius of the larger circle. Then the area of the larger circle is πr2 cm2.

Since the eight congruent pieces each have the same area as the smaller circle, it follows that
this area is equal to 1

9
of the area of the larger circle. Thus,

25π =
1

9
πr2

25 =
1

9
r2

9× 25 = r2

225 = r2

Thus, r = 15, since r > 0.

It follows that the circumference of the larger circle is 2π × r = 2π × 15 = 30π cm.



Problem of the Week
Problem C

Transformational Moves

The three points A(1, 1), B(1, 4), and C(2, 1) are the vertices of 4ABC.
We perform transformations to the triangle, as follows. First, we shift 4ABC to
the right 4 units. Then, we reflect the image in the x-axis. Then, we reflect the
new image in the y-axis. Finally, we shift the newest image up 5 units.

What are the coordinates of the vertices of the final triangle?
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Problem of the Week
Problem C and Solution
Transformational Moves

Problem

The three points A(1, 1), B(1, 4), and C(2, 1) are the vertices of 4ABC.
We perform transformations to the triangle, as follows. First, we shift 4ABC to the right 4
units. Then, we reflect the image in the x-axis. Then, we reflect the new image in the y-axis.
Finally, we shift the newest image up 5 units.

What are the coordinates of the vertices of the final triangle?

Solution
In the solution we are going to use notation that is commonly used in transformations. When
we transform point A, we label the transformed point as A′. We call this “A prime”. When we
transform point A′, we label the transformed point as A′′. We call this “A double prime”. This
can continue for all four transformations and for vertices B and C as well.

When 4ABC is shifted to the right 4 units, the x-coordinate of each vertex increases by 4.
Thus, 4A′B′C ′ has vertices A′(5, 1), B′(5, 4), and C ′(6, 1).

When 4A′B′C ′ is reflected in the x-axis, we multiply the y-coordinate of each vertex by −1.
Thus, 4A′′B′′C ′′ has vertices A′′(5,−1), B′′(5,−4), and C ′′(6,−1).



When 4A′′B′′C ′′ is reflected in the y-axis, we multiply the x-coordinate of each vertex by −1.
Thus, 4A′′′B′′′C ′′′ has vertices A′′′(−5,−1), B′′′(−5,−4), and C ′′′(−6,−1).

When 4A′′′B′′′C ′′′ is shifted up 5 units, the y-coordinate of each vertex increases by 5. Thus,
4A′′′′B′′′′C ′′′′ has vertices A′′′′(−5, 4), B′′′′(−5, 1), and C ′′′′(−6, 4).

Thus, the final triangle has vertices A′′′′(−5, 4), B′′′′(−5, 1) and C ′′′′(−6, 4).



Problem of the Week
Problem C
Tile Art

A tile measuring 8 cm by 8 cm has gridlines drawn on it, parallel to each side and
spaced 1 cm apart. Six blue triangles are then painted on the tile, as shown.

What fraction of the tile is painted blue?
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Problem of the Week
Problem C and Solution

Tile Art

Problem
A tile measuring 8 cm by 8 cm has gridlines drawn on it, parallel to each side and spaced 1 cm
apart. Six blue triangles are then painted on the tile, as shown. What fraction of the tile is
painted blue?

Solution
We will start by determining the areas of the six painted triangles. We label the triangles A,
B, C, D, E, and F and draw in a height and a base for each triangle.

We will calculate the area of each triangle using the formula for the area of a triangle:

area =
base × height

2

Triangle A has base 2 cm and height 3 cm. The area of triangle A is then 2×3
2

= 6
2
= 3 cm2.

Triangle B has base 3 cm and height 4 cm. The area of triangle B is then 3×4
2

= 12
2
= 6 cm2.

Triangle C has base 3 cm and height 4 cm. The area of triangle C is then 3×4
2

= 12
2
= 6 cm2.

Triangle D has base 2 cm and height 3 cm. The area of triangle D is then 2×3
2

= 6
2
= 3 cm2.

Triangle E has base 4 cm and height 2 cm. The area of triangle E is then 4×2
2

= 8
2
= 4 cm2.

Triangle F has base 2 cm and height 4 cm. The area of triangle F is then 2×4
2

= 8
2
= 4 cm2.

The total area painted blue is then 3 + 6 + 6 + 3 + 4 + 4 = 26 cm2.

The area of the entire tile is 8× 8 = 64 cm2.

Thus, 26
64

= 13
32

of the tile is painted blue.
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Problem of the Week
Problem C

Arranging Tiles 1

Ana has nine tiles, each with a different integer from 1 to 9 on it. Ana creates
larger numbers by placing tiles side by side. For example, using the tiles 3 and 7,
Ana can create the 2-digit number 37 or 73.

Using six of her tiles, Ana forms two 3-digit numbers that add to 1000. What is
the largest possible 3-digit number that she could have used?
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Problem of the Week
Problem C and Solution

Arranging Tiles 1

Problem
Ana has nine tiles, each with a different integer from 1 to 9 on it. Ana creates larger numbers
by placing tiles side by side. For example, using the tiles 3 and 7, Ana can create the 2-digit
number 37 or 73. Using six of her tiles, Ana forms two 3-digit numbers that add to 1000.
What is the largest possible 3-digit number that she could have used?

Solution
We will use the letters A, B, C, D, E, and F to represent the
integers on the six chosen tiles, letting the two 3-digit numbers
be ABC and DEF . Then we will determine the largest possible
3-digit number ABC.

Looking at the ones column, since C and F are both digits from
1 to 9 and add to a number that ends in 0, their sum must be 10.
(Their sum cannot be zero since neither C nor F is zero, and their
sum cannot be 20 or more since C and F are each less than 10.)
Thus, C + F = 10. Therefore, there is a carry of 1 into the tens
column. Similarly, the sum in the tens column must also be 10,
so B+E+1 = 10, or B+E = 9. Therefore, there is a carry of 1
into the hundreds column. Thus, A+D+ 1 = 10, or A+D = 9.

To determine the largest possible 3-digit number ABC, A must be as large as
possible. We have the following tiles: 1, 2, 3, 4, 5, 6, 7, 8, and 9. Since
A+D = 9, A is largest when A = 8 and D = 1.

The next step is to make B as large as possible. We are left with the following
tiles: 2, 3, 4, 5, 6, 7, and 9. Since B + E = 9, B is largest when B = 7 and
E = 2.

Finally, we need to make C as large as possible. We are left with the following
tiles: 3, 4, 5, 6, and 9. Since C + F = 10, then C is largest when C = 6 and
F = 4.

Therefore, the largest possible 3-digit number ABC is 876.

Indeed, we can check that when ABC is 876, we have DEF equal to 124, and
ABC +DEF = 876 + 124 = 1000.



Problem of the Week
Problem C

Sharing Grapes

Jessica has some grapes. She gives one-third of her grapes to Callista. She then
gives 4 grapes to Monica. Finally, she gives one-half of her remaining grapes to
Peter. If Jessica then has 16 grapes left, how many grapes did Jessica begin with?

Themes Algebra, Number Sense



Problem of the Week
Problem C and Solution

Sharing Grapes

Problem
Jessica has some grapes. She gives one-third of her grapes to Callista. She then gives 4 grapes
to Monica. Finally, she gives one-half of her remaining grapes to Peter. If Jessica then has 16
grapes left, how many grapes did Jessica begin with?

Solution
Solution 1:

We work backwards from the last piece of information given.
Jessica has 16 grapes left after giving one-half of her remaining grapes to Peter.
This means that she had 2× 16 = 32 grapes immediately before giving grapes to
Peter.
Immediately before giving grapes to Peter, she gave 4 grapes to Monica, which
means that she had 32 + 4 = 36 grapes immediately before giving 4 grapes to
Monica.
Immediately before giving the 4 grapes to Monica, she gave one-third of her
grapes to Callista, which would have left her with two-thirds of her original
amount.
Since two-thirds of her original amount equals 36 grapes, then one-third equals
one half of 36 or 36

2 = 18 grapes.
Thus, she gave 18 grapes to Callista, and so Jessica began with 36 + 18 = 54
grapes.

Solution 2:

Suppose Jessica started with x grapes.
She gives 1

3x grapes to Callista, leaving her with 1− 1
3x = 2

3x grapes.
She then gives 4 grapes to Monica, leaving her with 2

3x− 4 grapes.
Finally, she gives away one-half of what she has left to Peter, which means that
she keeps one-half of what she has left, and so she keeps 1

2(
2
3x− 4) grapes.

Simplifying this expression, we obtain 2
6x− 4

2 =
1
3x− 2 grapes.

Since she has 16 grapes left, then 1
3x− 2 = 16 and so 1

3x = 18 or x = 54.
Therefore, Jessica began with 54 grapes.



Problem of the Week
Problem C
Stargazing

In a distant solar system, four different comets: Hypatia, Fibonacci, Lovelace,
and Euclid, passed by the planet Ptolemy in 2023. On Ptolemy, it is known that
the Hypatia comet appears every 3 years, the Fibonacci comet appears every 6
years, the Lovelace comet appears every 8 years, and the Euclid comet appears
every 15 years.

When is the next year that all four comets will pass by Ptolemy?

Themes Algebra, Number Sense



Problem of the Week
Problem C and Solution

Stargazing

Problem
In a distant solar system, four different comets: Hypatia, Fibonacci, Lovelace, and Euclid,
passed by the planet Ptolemy in 2023. On Ptolemy, it is known that the Hypatia comet
appears every 3 years, the Fibonacci comet appears every 6 years, the Lovelace comet appears
every 8 years, and the Euclid comet appears every 15 years.

When is the next year that all four comets will pass by Ptolemy?

Solution
Since the Hypatia comet appears every 3 years, it will pass by Ptolemy in the
following numbers of years: 3, 6, 9, 12, 15, 18, 21, 24, 27, 30 . . ..

Since the Fibonacci comet appears every 6 years, it will pass by Ptolemy in the
following numbers of years: 6, 12, 18, 24, 30, . . ..

Therefore, both the Hypatia and Fibonacci comets will pass by Ptolemy in the
following numbers of years: 6, 12, 18, 24, 30, . . ..

This happens because these numbers are common multiples of 3 and 6. If we
want to determine when all four comets next pass by Ptolemy, we need to find the
least common multiple (LCM) of 3, 6, 8, and 15. We shall do this in two ways.

Solution 1

The first way to find the LCM is to list the positive multiples of 3, 6, 8, and 15,
until we find a common multiple in each list.

Number Positive Multiples
3 3, 6, 9, 12, 15, 18, 21, . . . , 108, 111, 114, 117, 120, 123, . . .

6 6, 12, 18, 24, 30, 36, 42, . . . , 96, 102, 108, 114, 120, 126, . . .

8 8, 16, 24, 32, 40, 48, 56, . . . , 104, 112, 120, 128, . . .

15 15, 30, 45, 60, 75, 90, 105, 120, 135, . . .

Thus, the LCM of 3, 6, 8, and 15 is 120. Therefore, the next time all four
planets will pass by Ptolemy is in 120 years. This will be the year 2143.



Solution 2

The second way to determine the LCM is to rewrite 3, 6, 8, and 15 as a prime or
a product of prime numbers. (This is known as prime factorization.)

• 3 = 3

• 6 = 2× 3

• 8 = 2× 2× 2

• 15 = 3× 5

The LCM is calculated by determining the greatest number of each prime
number in any of the factorizations (here we will have three 2s, one 3, and one 5),
and then multiplying these numbers together. This gives 2× 2× 2× 3× 5 = 120.
Therefore, the next time all four planets will pass by Ptolemy is in 120 years.
This will be the year 2143.

Note: The second method is a more efficient way to find the LCM, especially
when the numbers are quite large.



Problem of the Week
Problem C

Fruit Display

Jigme placed five oranges in a row on a long plate. He then placed one apple in
each of the spaces in the row between two oranges.

Next, he placed one banana in each of the spaces between two fruits already in
the row.

He then repeated this procedure with pears, then peaches, and finally with
strawberries.

Determine the total number of fruits in the row.

Themes Algebra, Number Sense



Problem of the Week
Problem C and Solution

Fruit Display

Problem
Jigme placed five oranges in a row on a long plate. He then placed one apple in each of the
spaces in the row between two oranges.

Next, he placed one banana in each of the spaces between two fruits already in the row.

He then repeated this procedure with pears, then peaches, and finally with strawberries.

Determine the total number of fruits in the row.

Solution
After placing 5 oranges in the row, there are 4 spaces between the fruits. So
Jigme placed 4 apples in the row. At this point, there are 5 + 4 = 9 fruits in the
row.

Since there are now 9 fruits in the row, there are 8 spaces between the fruits. So
Jigme placed 8 bananas in the row. At this point, there are 9 + 8 = 17 fruits in
the row.

Since there are now 17 fruits in the row, there are 16 spaces between the fruits.
So Jigme placed 16 pears in the row. At this point, there are 17 + 16 = 33 fruits
in the row.

Since there are now 33 fruits in the row, there are 32 spaces between the fruits.
So Jigme placed 32 peaches in the row. At this point, there are 33 + 32 = 65
fruits in the row.

Finally, since there are now 65 fruits in the row, there are 64 spaces between the
fruits. So Jigme placed 64 strawberries in the row. At this point, there are
65 + 64 = 129 fruits in the row.

Thus, there are 129 fruits in the row in total.

Extension:

You may have noticed a pattern in the total number of fruits after each new fruit
was added. If Jigme placed fruits in this way using n different fruits, there will be
a total of 2n+1 + 1 fruits in the row. Can you see why? Start by looking at the
number of spaces between the fruits.



Problem of the Week
Problem C

Berry Picking

Owen, Gabriel, and Ariane work as strawberry pickers at a local farm. One week
Owen picked 135 more strawberries than Gabriel, and Ariane picked 110 more
strawberries than Owen. In total that week Owen, Gabriel, and Ariane picked
2000 strawberries.

Determine the number of strawberries that each person picked.

Themes Algebra, Number Sense



Problem of the Week
Problem C and Solution

Berry Picking

Problem
Owen, Gabriel, and Ariane work as strawberry pickers at a local farm. One week Owen picked
135 more strawberries than Gabriel, and Ariane picked 110 more strawberries than Owen. In
total that week Owen, Gabriel, and Ariane picked 2000 strawberries.

Determine the number of strawberries that each person picked.

Solution
Solution 1

Let g be the number of strawberries that Gabriel picked. It follows that Owen
picked (g + 135) strawberries and Ariane picked (g + 135 + 110) strawberries.
Since they picked 2000 strawberries in total, we can write and solve the following
equation:

g + (g + 135) + (g + 135 + 110) = 2000

g + (g + 135) + (g + 245) = 2000

3g + 380 = 2000

3g = 1620

g = 540

So, g + 135 = 675 and g + 135 + 110 = 785.

Thus, Gabriel picked 540 strawberries, Owen picked 675 strawberries, and Ariane
picked 785 strawberries.

Solution 2

If Owen had picked 135 fewer strawberries, and Ariane had picked
135 + 110 = 245 fewer strawberries, then each would have picked the same
number of strawberries as Gabriel. In that case, each person would have picked 1

3

of (2000− 135− 245), which is 1
3 × 1620 = 540 strawberries.

Thus, Gabriel picked 540 strawberries. Then Owen picked 540 + 135 = 675
strawberries and Ariane picked 540 + 245 = 785 strawberries.



Problem of the Week
Problem C

And the Numbers Are...

John and Betty each choose a positive integer that is greater than 1. Betty
increases her number by 1. John then takes this new number and multiplies it by
his number. This product is equal to 260.

If Betty’s number is larger than John’s number, determine all possible pairs of
integers that John and Betty could have chosen.

Theme Number Sense



Problem of the Week
Problem C and Solution
And the Numbers Are...

Problem
John and Betty each choose a positive integer that is greater than 1. Betty increases her
number by 1. John then takes this new number and multiplies it by his number. This product
is equal to 260.

If Betty’s number is larger than John’s number, determine all possible pairs of integers that
John and Betty could have chosen.

Solution
Let John’s integer be j and Betty’s integer be b. We’re given j × (b+ 1) = 260.

In considering the equation j × (b+ 1) = 260, we are looking for two integers,
each greater than 1, that multiply to 260. We also want Betty’s integer b to be
greater than John’s integer j.

We generate the following list of ways to factor 260 as a product of two integers:

1× 260, 2× 130, 4× 65, 5× 52, 10× 26, 13× 20

We can exclude 260 = 1× 260 because both integers must be greater than 1.

Since Betty’s integer is larger than John’s integer, we get the following
possibilities:

• j = 2 and b+ 1 = 130. Thus, j = 2 and b = 129.

• j = 4 and b+ 1 = 65. Thus, j = 4 and b = 64.

• j = 5 and b+ 1 = 52. Thus, j = 5 and b = 51.

• j = 10 and b+ 1 = 26. Thus, j = 10 and b = 25.

• j = 13 and b+ 1 = 20. Thus, j = 13 and b = 19.

Therefore, there are five pairs of integers that John and Betty could have chosen.
John could have chosen 2 and Betty chose 129, John could have chosen 4 and
Betty chose 64, John could have chosen 5 and Betty chose 51, John could have
chosen 10 and Betty chose 25, or John could have chosen 13 and Betty chose 19.



Problem of the Week
Problem C

Chip to Chip

Mr. Chips has a bin full of bingo chips. The ratio of the number of red chips to
the number of blue chips is 1 : 4, and the ratio of the number of blue chips to the
number of green chips is 5 : 2.

What is the ratio of the number of red chips to the number of green chips?

Theme Number Sense



Problem of the Week
Problem C and Solution

Chip to Chip

Problem
Mr. Chips has a bin full of bingo chips. The ratio of the number of red chips to the number of
blue chips is 1 : 4, and the ratio of the number of blue chips to the number of green chips is
5 : 2.

What is the ratio of the number of red chips to the number of green chips?

Solution
Solution 1

We start by assuming that there are 20 blue chips. (We pick 20 since the ratio of
red chips to blue chips is 1 : 4 and the ratio of blue chips to green chips is 5 : 2,
so we pick a number of blue chips which is divisible by 4 and by 5. Note that we
did not have to assume that there were 20 blue chips, but making this
assumption makes the calculations much easier.)

Since there are 20 blue chips and the ratio of the number of red chips to the
number of blue chips is 1 : 4, then there are 1

4 × 20 = 5 red chips.

Since there are 20 blue chips and the ratio of the number of blue chips to the
number of green chips is 5 : 2, then there are 5

2 × 20 = 8 green chips.

Therefore, the ratio of the number of red chips to the number of green chips is
5 : 8.

Solution 2

Let r represent the number of red chips.

Since the ratio of the number of red chips to the number of blue chips is 1 : 4,
then the number of blue chips is 4r.

Since the ratio of the number of blue chips to the number of green chips is 5 : 2,
then the number of green chips is 2

5 × 4r = 8
5r.

Since the number of red chips is r and the number of green chips is 8
5r, then the

ratio of the number of red chips to the number of green chips is 1 : 8
5 = 5 : 8.



Problem of the Week
Problem C

Gimme Some Change

Jean gave Karyna a bag of coins containing only nickels (5 cent coins) and dimes
(10 cent coins). The total value of all the coins in the bag was $11 and there were
16 more nickels than dimes in the bag.

How many coins in total were in the bag?

Note: In Canada, 100 cents is equal to $1.

Themes Algebra, Number Sense



Problem of the Week
Problem C and Solution
Gimme Some Change

Problem
Jean gave Karyna a bag of coins containing only nickels (5 cent coins) and dimes (10 cent
coins). The total value of all the coins in the bag was $11 and there were 16 more nickels than
dimes in the bag.

How many coins in total were in the bag?

Note: In Canada, 100 cents is equal to $1.

Solution
Solution 1

In this solution, we will solve the problem without using algebra.

The bag had 16 more nickels than dimes. These 16 nickels are worth 16× 5 = 80 cents, or
$0.80. The remaining $11.00− $0.80 = $10.20 would be made up using an equal number of
nickels and dimes. Each nickel-dime pair is worth 15 cents, or $0.15. By dividing $10.20 by
$0.15 we determine the number of nickel-dime pairs that are required to make $10.20. Since
$10.20÷ $0.15 = 68, we need 68 nickel-dime pairs. That is, we need 68 nickels and 68 dimes to
make $10.20. But there were 16 more nickels in the bag. Therefore, there were a total of
68 + 68 + 16 = 152 coins in the bag.

Solution 2

In this solution, we will solve the problem using algebra.

Let d represent the number of dimes. Since there were 16 more nickels than dimes in the bag,
then there were (d+ 16) nickels in the bag. Since each dime is worth 10 cents, the value of d
dimes is 10d cents.

Since each nickel is worth 5 cents, the value of (d+ 16) nickels is 5(d+ 16) cents. The bag
contains a total value of $11 or 1100 cents. Therefore,

Value of Dimes (in cents) + Value of Nickels (in cents) = Total Value (in cents)
10d+ 5(d+ 16) = 1100

10d+ 5d+ 80 = 1100

15d = 1100− 80

15d = 1020

d = 68

d+ 16 = 84

Therefore, there were 68 dimes and 84 nickels for a total of 68 + 84 = 152 coins in the bag.



Problem of the Week
Problem C

Where Does the Year Go?

The positive integers are written consecutively in rows, with seven integers in
each row. That is, the first row contains the integers 1, 2, 3, 4, 5, 6, and 7. The
second row contains the integers 8, 9, 10, 11, 12, 13, and 14. The third row
contains the integers 15, 16, 17, 18, 19, 20, and 21, and so on.

Determine the row and the column that the integer 2024 is in.

1 2 3 4 5 6 7

8 9 10 11 12 13 14

15 16 17 18 19 20 21

... ... ... ... ... ... ...

Theme Number Sense



Problem of the Week
Problem C and Solution

Where Does the Year Go?

Problem
The positive integers are written consecutively in rows, with seven integers in each row. That
is, the first row contains the integers 1, 2, 3, 4, 5, 6, and 7. The second row contains the
integers 8, 9, 10, 11, 12, 13, and 14. The third row contains the integers 15, 16, 17, 18, 19, 20,
and 21, and so on.

Determine the row and the column that the integer 2024 is in.

1 2 3 4 5 6 7

8 9 10 11 12 13 14

15 16 17 18 19 20 21

... ... ... ... ... ... ...

Solution
The last number in row 1 is 7, the last number in row 2 is 14, and the last
number in row 3 is 21. Observe that the last number in each row is a multiple of
7. Furthermore, the last number in row n is 7× n. So, we will find the largest
multiple of 7 that is less than 2024.

We solve the equation 7× n = 2024 to get n ≈ 289.14.

Therefore, the largest multiple of 7 that is less than 2024 is 289× 7 = 2023. This
means that 2023 is the last number in row 289. Thus, 2024 will be the first
number in in row 290.

Therefore, 2024 is in row 290 and column 1.



Problem of the Week
Problem C

A Weighty Problem

Ron has ten identical spheres and ten identical cubes. He was asked to determine
the combined mass of the ten spheres and ten cubes, but he did not have a
reliable weigh scale. However, he was given the following information:

• Two spheres and three cubes have a mass of 21 g.

• Three spheres and two cubes have a mass of 19 g.

Your task is to determine the combined mass of the ten spheres and ten cubes.

Theme Number Sense



Problem of the Week
Problem C and Solution

A Weighty Problem

Problem
Ron has ten identical spheres and ten identical cubes. He was asked to determine the
combined mass of the ten spheres and ten cubes, but he did not have a reliable weigh scale.
However, he was given the following information:

• Two spheres and three cubes have a mass of 21 g.

• Three spheres and two cubes have a mass of 19 g.

Your task is to determine the combined mass of the ten spheres and ten cubes.

Solution

Solution 1
Since two spheres and three cubes have a mass of 21 g and three spheres and two cubes have a
mass of 19 g, then, by combining the two pieces of information, we know that five spheres and
five cubes have a combined mass of 21 + 19 = 40 g. If we double this, we find that ten spheres
and ten cubes have a combined mass of 40× 2 = 80 g.

Solution 2
From the first piece of given information to the second, the number of spheres has been
increased by one and the number of cubes has been decreased by one. This causes a mass
decrease of 2 g. Therefore, the mass of the cube is 2 g more than the mass of the sphere.

Let s represent the mass, in grams, of one sphere.
Therefore, the mass, in grams, of one cube is s+ 2.

From the first piece of information, we know 2s+ 3(s+ 2) = 21. We now solve this equation.



2s+ 3(s+ 2) = 21

2s+ 3s+ 6 = 21

5s+ 6 = 21

5s = 15

s = 3

Therefore, one sphere has a mass of 3 g and one cube has a mass 3 + 2 = 5 g.

Thus, the combined mass of ten spheres and ten cubes is 10× 3 + 10× 5 = 30 + 50 = 80 g.

Solution 3
This solution uses algebra that is learned in future mathematics courses.

Let s represent the mass, in grams, of a sphere.
Let c represent the mass, in grams, of a cube.

Using the given information, we obtain the following system of equations.

2s+ 3c = 21 (1)
3s+ 2c = 19 (2)

We will now use elimination to solve for s and c.

First, multiplying equation (1) by 2, we get

4s+ 6c = 42 (3)

Multiplying equation (2) by 3, we get

9s+ 6c = 57 (4)

Subtracting equation (3) from equation (4), we get 5s = 15, and so s = 3.

Substituting s = 3 into equation (1), we have

2(3) + 3c = 21

6 + 3c = 21

3c = 15

c = 5

Therefore, one sphere has a mass of 3 g and one cube has a mass 5 g.

Thus, the combined mass of ten spheres and ten cubes is 10× 3 + 10× 5 = 30 + 50 = 80 g.



Problem of the Week
Problem C

A Multiple Problem

How many integers between 100 and 2024 are multiples of both 5 and 7, but are
not multiples of 10?

Theme Number Sense



Problem of the Week
Problem C and Solution

A Multiple Problem

Problem

How many integers between 100 and 2024 are multiples of both 5 and 7, but are not multiples
of 10?

Solution
The integers that are multiples of both 5 and 7 are the integers that are multiples
of 35. Now let’s determine which multiples of 35 are also multiples of 10. Notice
that 1× 35 = 35, which is not a multiple of 10. However, 2× 35 = 70, which is a
multiple of 10. In fact, multiplying 35 by any even integer will result in a
multiple of 10. This is because 35 is a multiple of 5, and all even integers are
multiples of 2. So multiplying 35 by an even integer will result in an integer
which is a multiple of both 5 and 2, and thus a multiple of 10. So if we are
looking for integers that are multiples of 35 but not multiples of 10, then we must
multiply 35 by odd integers only.

The smallest multiple of 35 greater than 100 is 3× 35 = 105. Similarly, the
largest multiple of 35 less than 2024 is 57× 35 = 1995. It follows that the
number of integers between 100 and 2024 that are multiples of both 5 and 7, but
are not multiples of 10, is equal to the number of odd integers between 3 and 57,
inclusive. This is equal to the number of odd integers between 1 and 55,
inclusive. We know that exactly half of the integers between 1 and 54 are odd,
and 55 is an odd integer. So in total, there are 54

2 + 1 = 27 + 1 = 28 odd integers
between 1 and 55, inclusive.

Thus, there are 28 integers between 100 and 2024 that are multiples of both 5
and 7, but are not multiples of 10.



Problem of the Week
Problem C

An Average Quiz

For a recent quiz about averages, the following information is known:

• There were three questions on the quiz.

• Each question was worth 5 marks.

• Each question was marked right or wrong (no part marks).

• 30% of the students got all 3 questions correct.

• 40% of the students got exactly 2 questions correct.

• 25% of the students got exactly 1 question correct.

• 5% of the students got no question correct.

Determine the overall class average for this quiz.

Theme Number Sense



Problem of the Week
Problem C and Solution

An Average Quiz

Problem
For a recent quiz about averages, the following information is known:

• There were three questions on the quiz.

• Each question was worth 5 marks.

• Each question was marked right or wrong (no part marks).

• 30% of the students got all 3 questions correct.

• 40% of the students got exactly 2 questions correct.

• 25% of the students got exactly 1 question correct.

• 5% of the students got no question correct.

Determine the overall class average for this quiz.

Solution
Solution 1

To determine the average, we must determine the sum of all the marks and
divide by the number of students. We will use the information given for a class of
100 students.

Since 30% of the students got all 3 questions correct, 30 students each scored 15
marks and earned a total of 30× 15 = 450 marks.

Since 40% of the students got exactly 2 questions correct, 40 students each
scored 10 marks and earned a total of 40× 10 = 400 marks.

Since 25% of the students got exactly 1 question correct, 25 students each scored
5 marks and earned a total of 25× 5 = 125 marks.

Since 5% of the students got no questions correct, 5 students scored 0 marks and
earned a total of 5× 0 = 0 marks.

The total number of marks earned by the 100 students was
450 + 400 + 125 + 0 = 975.

The average mark on the quiz was then 975÷ 100 = 9.75 out of 15, or 65%.



Solution 2

To determine an average, we must determine the total of all the marks and divide
by the number of students.

Let n represent the number of students who wrote the test where n is a positive
integer.

Since 30% of the students got all 3 questions correct, 0.30n students each scored
15 marks and earned a total of 0.30n× 15 = 4.5n marks.

Since 40% of the students got exactly 2 questions correct, 0.40n students each
scored 10 marks and earned a total of 0.40n× 10 = 4n marks.

Since 25% of the students got exactly 1 question correct, 0.25n students each
scored 5 marks and earned a total of 0.25n× 5 = 1.25n marks.

Since 5% of the students got no questions correct, 0.05n students scored 0 marks
and earned a total of 0.05n× 0 = 0 marks.

The total number of marks earned by the n students was
4.5n+ 4n+ 1.25n+ 0 = 9.75n.

The average mark on the quiz was then 9.75n
n = 9.75 (since n 6= 0) out of 15, or

65%.



Problem of the Week
Problem C

A Small Leap

Most people think of a year as 365 days, how-
ever it is actually slightly more than 365 days.
To account for this extra time we use leap
years, which are years containing one extra
day.
The flowchart shown can be used to determine
whether or not a given year is a leap year. Us-
ing the flowchart, we can conclude the follow-
ing:

• 2018 was not a leap year because 2018 is
not divisible by 4.

• 2016 was a leap year because 2016 is di-
visible by 4, but not 100.

• 2100 will not be a leap year because 2100
is divisible by 4 and 100, but not 400.

• 2000 was a leap year because 2000 is di-
visible by 4, 100, and 400.

How many leap years are there between the
years 2000 and 2400, inclusive?

Themes Computational Thinking, Number Sense



Problem of the Week
Problem C and Solution

A Small Leap

Problem
Most people think of a year as 365 days, however it
is actually slightly more than 365 days. To account
for this extra time we use leap years, which are years
containing one extra day.
The flowchart shown can be used to determine
whether or not a given year is a leap year. Using
the flowchart, we can conclude the following:

• 2018 was not a leap year because 2018 is not
divisible by 4.

• 2016 was a leap year because 2016 is divisible by
4, but not 100.

• 2100 will not be a leap year because 2100 is
divisible by 4 and 100, but not 400.

• 2000 was a leap year because 2000 is divisible by
4, 100, and 400.

How many leap years are there between the years 2000
and 2400, inclusive?



Solution
From the flowchart we can determine that leap years are either

• multiples of 4 that are not also multiples of 100, or

• multiples of 4, 100, and 400.

Note that we can simplify the second case to just multiples of 400, since any
multiple of 400 will also be a multiple of 4 and 100.

First we notice that 2000 and 2400 are both multiples of 400, so they are both
leap years. In fact, they are the only multiples of 400 between 2000 and 2400,
inclusive.

Next we count the multiples of 4 between 2000 and 2400, inclusive. Writing out
some of the first few multiples of 4 gives: 2000, 2004, 2008, 2012, . . ..

We will look at the 400 numbers from 2000 to 2399 and ignore 2400 for the
moment since we already know it’s a leap year. Since 2000 is a multiple of 4 and
every fourth number after that is also a multiple of 4, it follows that 1

4 of the 400
numbers from 2000 to 2399 will be multiples of 4. Thus, there are 1

4 × 400 = 100
multiples of 4 between 2000 and 2399, inclusive.

However, we have included the multiples of 100, so we need to subtract these.
These are 2000, 2100, 2200, and 2300. Thus there are 100− 4 = 96 multiples of
4 between 2000 and 2399, inclusive, that are not also multiples of 100.

Thus, in total, there are 2 + 96 = 98 leap years between 2000 and 2400, inclusive.



Problem of the Week
Problem C

Uphill and Downhill

Rory biked 36 km up a trail from his campsite to a lookout point. On the way
up, his average speed was 9 km/hr. On the way back down, he biked faster, with
an average speed of 12 km/hr. What was his average speed, in km/hr, for the
entire trip?
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Problem of the Week
Problem C and Solution

Uphill and Downhill

Problem
Rory biked 36 km up a trail from his campsite to a lookout point. On the way up, his average
speed was 9 km/hr. On the way back down, he biked faster, with an average speed of
12 km/hr. What was his average speed, in km/hr, for the entire trip?

Solution
First we calculate the time it took Rory to bike up to the lookout point and back
down to his campsite.

Rory’s 36 km ride up to the lookout point at 9 km/hr took 36÷ 9 = 4 hrs.
Rory’s 36 km ride back down to his campsite at 12 km/hr took 36÷ 12 = 3 hrs.
Thus, the total time was 4 + 3 = 7 hrs.

Rory’s trip up to the lookout point and back down to his campsite had a total
distance of 36 + 36 = 72 km. Therefore, the average speed for the entire trip was
72÷ 7 ≈ 10.3 km/h.



Problem of the Week
Problem C

Cycles of Eclipses

A planet in a distant solar system has a moon and a sun. On this planet, there is
a total solar eclipse whenever the following is true.

• There is a full moon,

• the moon is at its closest point to the planet, and

• the centre of the moon is in line with the centres of the planet and the sun.

On this planet, there is a full moon every 16 days. Also, every 12 days, the moon
is at its closest point to the planet. As well, every n days the centre of the moon
is in line with the centres of the planet and the sun.

If n is greater than 10 but less than 20, and total solar eclipses happen on this
planet every 240 days, determine the value of n.
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Problem of the Week
Problem C and Solution

Cycles of Eclipses

Problem
A planet in a distant solar system has a moon and a sun. On this planet, there is a total solar
eclipse whenever the following is true.

• There is a full moon,

• the moon is at its closest point to the planet, and

• the centre of the moon is in line with the centres of the planet and the sun.

On this planet, there is a full moon every 16 days. Also, every 12 days, the moon is at its
closest point to the planet. As well, every n days the centre of the moon is in line with the
centres of the planet and the sun.

If n is greater than 10 but less than 20, and total solar eclipses happen on this planet every 240
days, determine the value of n.

Solution
Since total solar eclipses happen every 240 days on this planet, it follows that 240
is the least common multiple (LCM) of 16, 12, and n.

To determine the value of n, we will rewrite each of 16, 12, and 240 as a product
of prime numbers. This is known as prime factorization.

16 = 2× 2× 2× 2

12 = 2× 2× 3

240 = 2× 2× 2× 2× 3× 5

The LCM is calculated by determining the greatest number of each prime
number in any of the factorizations, and then multiplying these numbers
together. From the prime factorizations of 16 and 12, we can determine that
their LCM is equal to 2× 2× 2× 2× 3 = 48. Since 240 has an extra factor of 5,
and 240 is the LCM of 16, 12, and n, it follows that 5 must be a factor of n. The
only number with a factor of 5 that is greater than 10 but less than 20 is 15.

Since the prime factorization of 15 is 15 = 3× 5, we can conclude that the LCM
of 16, 12, and 15 is 240, as desired. Therefore n = 15.

Extension: Research what conditions must occur for there to be a total solar
eclipse on Earth. How often do total solar eclipses occur on Earth?



Problem of the Week
Problem C

Exponential Expressions

We are given two expressions:

Expression A: 72× 7x

Expression B: 441× 2y

Given that x and y are positive integers, find all ordered pairs (x, y) so that the
value of Expression A is equal to the value of Expression B.

Themes Algebra, Number Sense



Problem of the Week
Problem C and Solution
Exponential Expressions

Problem
We are given two expressions:

Expression A: 72× 7x

Expression B: 441× 2y

Given that x and y are positive integers, find all ordered pairs (x, y) so that the value of
Expression A is equal to the value of Expression B.

Solution
Solution 1

We write each expression as the product of prime numbers.

Expression A = (23)(32)(7x) and Expression B = (32)(72)(2y).

Since x and y are each positive integers and the expressions are equal in value,
then the corresponding exponents for each prime number must be equal.
Therefore, x = 2 and y = 3 is the only integer solution.

Thus, the only ordered pair is (2, 3).

Solution 2

Setting the two expressions equal to each other, we have

72× 7x = 441× 2y

Dividing both sides by 9, we have

8× 7x = 49× 2y

Expressing each side of the equation as the product of prime numbers, we have

23 × 7x = 72 × 2y

Since x and y are each positive integers and the expressions are equal in value,
then the corresponding exponents for each prime number must be equal.
Therefore, x = 2 and y = 3 is the only integer solution.

Thus, the only ordered pair is (2, 3).



Problem of the Week
Problem C

Wipe Away 1

Chetan writes the positive integers from 1 to 200 on a whiteboard. Wassim then
erases all the numbers that are multiples of 9. Karla then erases all the remaining
numbers that contain the digit 9. How many numbers are left on the whiteboard?

Theme Number Sense



Problem of the Week
Problem C and Solution

Wipe Away 1

Problem
Chetan writes the positive integers from 1 to 200 on a whiteboard. Wassim then erases all the
numbers that are multiples of 9. Karla then erases all the remaining numbers that contain the
digit 9. How many numbers are left on the whiteboard?

Solution
We first calculate the number of integers that Wassim erases, which is the
number of multiples of 9 between 1 and 200. Since 200 = (22× 9) + 2, there are
22 multiples of 9 between 1 and 200. Thus, Wassim erases 22 numbers from the
whiteboard.

Now let’s figure out how many of the integers from 1 to 200 contain the digit 9.
From 1 to 100, these numbers are 9, 19, . . . , 79, 89 as well as 90, 91, . . . , 98, 99.
There are 19 of these numbers from 1 to 100. There are another 19 between 101
and 200, which are obtained by adding 100 to each of the numbers from 1 to 100.
Therefore, 19 + 19 = 38 integers from 1 to 200 contain the digit 9.

However, some of the integers that contain the digit 9 are also multiples of 9, so
were erased by Wassim. There are 5 of these numbers between 1 and 200:
9, 90, 99, 189, and 198. Thus, Karla erases 38− 5 = 33 numbers from the
whiteboard.

Hence, the number of numbers left on the whiteboard is 200− 22− 33 = 145.
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